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NILPOTENCY OF ORTHOGONAL LIE ALGEBRAS O(zl, F)
OVER FIELDS OF CHARACTERISTIC 2

SUBHASH M GADED

Abstract: Classification of nilpotent Lie algebras is an open problem. In this paper, we discuss about
nilpotency of Classical Lie Algebras D; (I = 2) i.e. Orthogonal Lie Algebras O(2/, F) of even dimensions over
fields of characteristic two. We show that for [ > 2, O(2/, F) is nilpotent when characteristic of F is two. We also
show that O(2l, F),l = 2, is not nilpotent when characteristic of F is zero.
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Introduction:  Sophus Lie studied certain

transformation groups which is the root of Lie theory.

His work led to the discovery of Lie groups and Lie

algebras. Both Lie groups and Lie algebras have

become essential to many parts of mathematics and
theoretical physics, in particular, the theory of

Relativity. Lie theory has proved to be the key in

solving many problems related to Geometry and

Differential equations, which links mathematics to

real world. Lie algebras arise “in nature” as vector

spaces of linear transformations endowed with a new
operation which is in general neither commutative
nor associative.

Definition (Lie algebra) A Lie algebra is a vector

space L over a field F, with an operation

[,]:LxL- L, denoted (x, y) » [x, yl,(called the

bracket or commutator of x and y), satisfying the

following properties :

(L1) The bracket operation is bilinear.

(L2) [x, x] = o, for all x€ L.

(L3) [x, [y, 2]l + [y, [z x]] + [z,[x, y]] = o, forall x, y, z

€L

(L3) is called the Jacobi identity.

o=[x+y,x+yl=[xx]+[x yl+[y x] +[y,yl =[xyl

+ [y, x]

Hence, condition (L1) and (L2) implies (L2") [x, y] = -

[y, x] (anticommutativity) for all x, y € L.

If char F# 2, then putting x = y in (L2’), shows that

(L2’) implies (L2).

Definition (Lie Subalgebra) A subspace K of a Lie

algebra L is called a subalgebra if [x, y] €K, whenever

x,yEK.

Unless specifically stated, we shall be concerned with

Lie algebras L whose underlying vector space is finite

dimensional.

Some Examples:

(1) Any vector space V, with [x, y] = o, forall x, y € V
is a Lie algebra called Abelian Lie algebra. In
particular, the field F may be regarded as a 1-
dimensional abelian Lie algebra.

(2) Let V be a finite dimensional vector space over F
with dim (V) = n. Let End V be the set of all linear
transformations from V — V. This is again a vector

space over F of dimension n’. Define a operation
on End V, by [x, y] = xy— yx. With this operation
End V becomes a Lie algebra over F. End V (also
written gl(V)) is called General linear algebra. Any
subalgebra of a Lie algebra gl(V) is called a linear
Lie algebra. The general linear algebra gl(V) can
be identified with the set of all n X n matrices over
F, denoted gl(n, F), with the Lie bracket defined by
[x, y] = xy- yx, where xy is the usual product of the
matrices x and y. As a vector space, gl(n, F) has a
basis consisting of the matrix units e;;for 1 <1, j <
n. Here, e;jis the n x n matrix which has 1 in the (i,
jssssth position and o elsewhere. As e;jey= §j;e;it
follows that: [e;}, ey ] = 8je; — 8;;exjwhere § is the
Kronecker delta, defined by,d;; =1if i = j; andd;; =
oifi%].
Classification of Lie algebras: There are three
different types of Lie Algebras: the semi-simple, the
solvable and those which are neither semi-simple nor
solvable. Determining the classification of each of
these types 1is equivalent to determine the
classification of Lie algebras. The problem of
classifying semi-simple Lie algebras is equivalent to
that of classifying all non-isomorphic simple Lie
algebras. At present, the classification of semi-simple
Lie algebras is completely solved. Simple Lie algebras
are classified in five different classes, also called
Classical Lie algebras: the algebras belonging to
special linear group(4;), the odd orthogonal
algebras(B)), the symplectic algebras(C)), the even
orthogonal algebras(D;) and the five exceptional Lie
algebrasEs, E, Eg F,and G, which do not belong to
any of the previous classes. The splittable algebra
reduced the classification of all solvable Lie algebras
to the classification of nilpotent Lie algebras. The
classification of nilpotent Lie algebras is an open
problem. In this paper, we show that for [ > 2, O(2],
F) is nilpotent when characteristic of F is two
butO(2l, F), [ = 2, is not nilpotent when characteristic
of Fis zero.
Classical Lie algebras D;: Let dim V = 2l be odd and
take f to be the nondegenerate symmetric bilinear
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form on V whose matrix is s= ( l). The orthogonal

I, 0
algebra ©O(V) or ©O(2l, F) consists of all
endomorphisms of V satisfying fix(v), w) = — fly,
x(w)). If we partition x in the same form as s, say x =
m n
(p q
—x's translates into the following set of conditions: q
= —mt, nf= —n, p* = —p. This shows that Tr(x) = 0.A
basis of D; can be enumerated as follows:
eij— e+ 1S4 <
e,+]-_i,1S i< ] < l,
Where e;; is the matrix having 1 in the (i, j) position
and o elsewhere.

Hence dim D, = % + él(l—l) + %I(l—l) =202 —1.

)(m, n, p, q € gl(l,F)) then the condition sx =

€il+j — €1+ 5 Cl+ij T

Definition (Ideals) A subspace I of a Lie algebra L is
called an ideal of L if [x, y] €lfor all x € L, y € I. By
anticommutativity (L2’), ideals are automatically two
sided.

Definition (Derived algebra) The Derived algebra of
L, denoted [L, L] is an ideal of L consisting of all
linear combinations of commutators [x, y].

Definition (Descending central series) Define a
sequence of ideals of L by

L°=L L=[LL],L=[LL],.., L"=[L L.

The sequence of ideals defined above is called the
descending central series or the lower central series.
Definition (Nilpotent) L is called nilpotent if L" = o
for some n.

Now we show that for 1 = 2, O(2l, F) is nilpotent when characteristic of F is 2.:

The standard basis for D; can be enumerated as follows:
ilrj ~ i €lij — € 1SE < j <L

ej — e+ 1S Lj <1
For i # j, we have,
[

[eij — €ltji+ir €ji — el+i,l+j] + [ei,l+j €1+ €y — el+i,j]

= ([eij: eji] - [eij; el+i,l+j] - [el+j,l+i, eji] + [el+j,l+i: el+i,l+j])
+ ([ei,l+j'el+j,i] - [ei,l+jrel+i,j] - [ej,l+irel+j,i] + [ej,l+i’el+i,j])
= (8 — 6iiejj) = (8 1vi€iivj — Oirji€riaij) = (Oraijlissi — Sivj€jisi)

(5l+i,z+iel+j,z+j - 5z+j,1+jez+i,z+i)) + ((5z+j,z+jeii - 5ii€z+j,z+j) -

(8iejiviij = Gji€rrines) = (Siriirjeji — Sijerrjuri)+ (Suviiri€jj — Ojj€rsiiri))
= (e — ejj) +(erpjuej — el+i,l+i)) + ((e; — el+j,l+j) +(ej; — el+i,l+i))

=2€; — 2€1414
=2(ey; — eyii+i)
=o0.

o [e;— Cryil+ir €ij — el+j,l+i]

= [ess, eij] - [eiivel+j,l+i] —[ersii+ir eij] + [errii+0 el+j,l+i]

= (e
+ (51+i,z+jez+i,z+i - 5z+i,z+iez+j,z+i)
=€ij — Clijl+i

o [e;— Clyil+i> Cil+j — ej,l+i]

= [ey;, 3i,z+j] — e ej,l+i] —[ertiirir ei,l+j] + [errii+i ej,l+i]

- 5jieii) - (5i,z+jei,z+i - 51+i,iez+j,i) - (5z+i,i€z+i,j - 5j,z+i€i,z+i)

= (8ieirj — Orrji€ii) — (8ij€iii — Orvii€ji) — (Srvpi€rvinej — Oraji+iCit+i)

+ (5z+i,jez+i,z+i - 5z+i,z+i€j,z+i)
=€il+j ~ €jl+i
o lerrisi — € erij — il

= [el+i,l+i: el+i,j] — (€414 €z+j,i] —[ew €z+i,j] + [ew el+j,i]

= (5z+i,z+i91+i,j - 5j,z+iez+i,z+i) - (51+i,z+jez+i,i -
— (8i14i€ij — Ojieisii) + (8ipej€is — i€y i)
= Cltij ~ Cltji
Hence, D21, F)° = O(z2l, F)
(21, F)t=[D(2l, F), O(2l, F)]
=F{eij — €jiti> €itej — €ji4ir Claij — Crtji)-
(2L, F)?= [D(2L, )Y, 0(21, F)1]
= [F{eij‘ Cl+ji+ir €il+j — €jl+ir Cl4ij — el+j,i}'
F{eij — Cryji+ir Cil+j T €jlvir Cltij T el+j,i}]
=o0.

5i,z+iez+j,z+i)

Hence, for [ > 2, O(2l, F) is nilpotent when characteristic of F is 2.
Now we show that for | > 2, O(zl, F) is not nilpotent when characteristic of F is zero.:

For i # j, we have,
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1 1
d ;[eij ~ Cl+ji+i> €ji — el+i,l+j] +5 [ei,l+j — €+ €l T el+i,j]
=e; — et € [OQ2LF),D2LF)].

o e —erritri €ij — €rrjuril = €ij — ejuri € [OQLF), O(2L F)].

o [ei —eitri €irvj — €uvil = €invj — €4i € [O(2L F), O(2L, F)].
o [ewriei — € errij — erjil = €rpij —erji € [OQLF), O(2L F)].

Hence, O(2L,F) = [D(2[,F),D(2L, F)].

(2L, F)° = (21, F)

(2L, F)'=[D(2l, F), O(zl, F)] = O(2, F).

(21, F)?= [O(2L, )}, O(2L, F)!] = [D(2], F), O(2l, F)] = O(zl, F).
In general, O(2l, F)™ = O(z2l, F), for all m € Z*.

Hence, for [ > 2, O(2l, F) is not nilpotent when characteristic of F is zero.
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