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LANGUAGE IF IT IS ACCEPTED
BY SOME LATTICE ORDERED FINITE AUTOMATON

P.VIJAYA VANI, POKALA BHASKARUDU

Abstract : In this paper we present some interesting results relating Regular Sets Boolean Algebras and Generalized
Boolean Algebras. It is trivial that power set of any set is a Boolean Algebra under set inclusion. Here we try to
recognize a particular finer class of sets of X* and show that it is a Boolean Algebra. We consider the class of Regular
sets £ over a fixed T and define a relation “<”onk by L1 <L2if L11L2. Then (£, <) is a partially ordered set. With
the same order, the poset (£, <) isa lattice inwhich LIUL2=L1EL2and L1IUL2=L1CL2.
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Definition: A Non-Deterministic Finite Automaton
(NDFA)is a quintuple

M=(Q,2,8,qy,F) where

Q isanon-empty finite set called the set of states of M.

2. is a finite set called the input alphabet of M.

5 :Q x Y — 2?2 s a function called the transition
function of M.

o is a fixed element of Q called the initial state of M

F is a subset of Q called the set of final states of M.
Members of F are called accepting states.

Definition: A Deterministic Finite Automaton (D F A)
is a quintuple M=(Q, 2,8,q0,F) where

Q is a non-empty finite set called the set of states of M.

2. is a finite set called the input alphabet of M.

8§ :Q x Y — Q is a function called the transition
function of M.

Qo is a fixed element of Q called the initial state of M

F is a subset of Q called the set of final states of
M.,members of F are called accepting states.

Note: InaNDFA M=(Q,2,8,00,F)if 186(q,a) |
= 1 for every (q,a)€Q x X, then
M is called a deterministic finite automaton ( DFA).

Definition: A Finite Automaton (FA) is either a NDFA or
DFA. Formally a finite automaton (FA) consists of a
finite set of states and a set of transitions from state to
state that occur on input symbols chosen from an alphabet
Y. One state, usually denoted qq, is the initial state, in
which the automaton starts. Some states are designated as
final or accepting states.

A Finite Automaton ( FA ) may be interpreted as a finite
control which is in some state of Q, reading a sequence of
symbols from 2 written on a tape. In one move the Finite
Automaton in state * q > and scanning symbol ‘ a ’ enters
next state & (g, a) and moves its head one symbol to
the right.
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T

‘ Finite Control

Figure —2.1.12

Definition: A directed graph called a Transition diagram
is associated with an FA as follows. The vertices of the
graph correspond to the states of the FA. If there is a
transition from state q to state p on input a then there is an
arc labeled a from state g to state p in the transition
diagram. The FA accepts a string x if the sequence of
transitions corresponding to the symbols of x leads from
the start state to an accepting state. Accepting states are
double circled.

Example of Automaton transition:
ForM=(Q,2,8,0q0, F)where
Q:{q01q17q21q31q4};

2={0,1};

Qo is the start state;

F={020}
d as follows
e} 0 1
Jo {%0,0} {d0,01}
Q1 ] {92}
02 {92} {92}
O3 {04} @
Os {0.} {04}

The transition diagram is

Figure- 2.1.14
Definition: A Finite Automaton ( FA ) accepts a string
s * if the sequence of transitions corresponding to the
symbols of ‘s’ starting from the initial state and ends at

an accepting state.

Definition: A string ‘s’ is said to be accepted by a Finite
Automaton M =(Q, >, 8,qo, F)if 8(q,s) contains an
element of F.
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Definition: Extend & to 8 from QxY, - 2%, defined as

1.8°(q,sa)=8(8(q,s),a) forall strings s and input
symbols a.

2.8"(q,e)=q.

Definition: The language accepted by a Finite Automaton
M =(Q, 2, 8, go, F) denoted by L( M) is the set
L(M)={s/6*(qo,s) contains an element of F }

Definition: A language L is said to be a regular set if it is
the set accepted by some Finite Automaton.

Theorem: [Theorem 2.1 of [1]] Let L be a set accepted
by a Non-Deterministic Finite Automaton. Then there
exists a Deterministic Finite Automaton that accepts L
Proof: LetM=(Q,2,8,¢0o,F)beaNDFA

accepting L.

Define a DFA, M*=( Q% X, &%, qo', F )as follows:
FF={AcCQ/ANF+0}

An element of Q" will be denoted by [ gy, 0z, ......, qi ],
where g, 0z, ........., qi arein Q.

Let go" = [ do]-

We define

S (A1, Uy vvvvvn @] @) = [PL P2 .pi]

if and only if

({a1. G2, ooy @i Q) ={PL P2y D}

thatis &' is applied to an element
[0, G2 ........., qil, Of Q' is computed by applying & to
each state of Q represented by [, 92, civees Gi ]
On applying dto each g1, Qs , ......... , qi and taking the
union , we get some new set of states, py, P2 ,.......... , D -
This new set has a representative [p1, P2 ,.......... ,pjlin
Q*, and that element is the value of ' ([qy, G2 »..., qi], @)
It is easy to show by induction on the length of the input
string ‘s” that &' (qo', ) =[q1, 2, ., ] if and only if
8(Go,s)={01, 0, q}
Basis: The result is trivial for |s| =0, since go" = [ qo]
and s must be «.
Induction : Suppose that the hypothesis is true for inputs
of length m or less.
Let sa be astring of length m+1 witha in Y then
8 (q0', 5a) =8" (3'(q0" 5), @)
By the inductive hypothesis
8 (00Y, S) = [P1 Paseeennnnnn ,Pi]
if and only if

3(do,S)={pPr. P2sreecveren 0 -
But by definition of &,
8 ([P1 P2 seevennnn. cpila)y=[r, ... ,1¢] if and
only if
S({p1, P2seevinnn.. spiha)={r,r,.......... , T}, Which
establishes the inductive hypothesis. Now we have only
to add that &' (qo, s ) is in F exactly when & (qo, S)
contains a state of Q that is in F.
Thus L(M)=L(M?Y
Since deterministic and nondeterministic finite automaton
accept the same sets, we shall not distinguish between
them unless it becomes necessary, but shall simply refer
to both as finite automata.

Definition: A N D F A with ¢ - transitions is a
quintuple M =(Q, 2, 8,qo,F) where

Q is anon-empty finite set of states

2. is a finite input alphabet

8 is a transition function Q x YU { & } to 2% that is

§:Q x Yu{e}—> 2°

Qo is an initial state , go € Q

F is a subset of Q called the set of final states of M.
Members of F are called accepting states.

Definition: LetM =(Q, 2, 8,90, F)bean ND F A, Let
q € Q, &- Closure(q) is defined as the set of all vertices p
such that there is a path from q to p labeled .

Definition: LetM =(Q, >, 8,qo, F)beanNDFA.
LetP = Q.

e-closure(P) is defined as U e- Closure(p). Now we
define 5" as follows. pinP

1. 0 (q,¢) = &- Closure(q).

2.ForwinX*andain X, O (q,wa) = &- Closure(P),
where P ={p/forsomerin O (q, w), pisind(r,a)},

It is convenient to extend & and 5‘ two sets of states by
8(Ilaa):k)qinRS(qaa)and

0 (R, W)=Uginr 0 (g, w) for sets of states R

We define L (M) , the language accepted by
M=(Q,2,8,qo,F) toBe

{w/ 5 ( go,w) contains a state in F}.

2.2.5 Theorem: If L is accepted byan N D F A with ¢ -
transitions then L is accepted by an N D F A without ¢ —
transitions.

Proof. LetM =(Q, %, 8, o, F ) be an NDFA with

€ — transitions.

Construct M'=(Q, ¥, 8%, qo, F*) where

{ F, = Fou{a}if z-Closure(g0) contains a state of F

o { F otherwse

and 8'(q,a)is O (q, a) for q in Q and a in E. Note that
M* has no & transitions. Thus we may use &' for 8™/ .

We show by induction on | x I that 8" (g, X ) = O (qo , X).
However this statement may not be true for x = ¢,

since &' (Go, € ) = {00}, While O (go, X) = &- closure(qp).
We therefore begin our induction at 1.
Basis: | X | = 1. Then x is a symbol ‘a’ and

5 (G0 a) =0 (G, a) by definition of 5*.
Induction : I X I> 1. Let x = wa for symbol a in X.
Then & (qo, wa ) = 8" ( 8" (qo, W), a).

By the inductive hypothesis & (qo, W) = 5‘ (9o , W).
Let O (qo, X) = P.
We must show that 8' (P, a) = J (qo , wa).
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BUtél(P’a):qunPél(qra):qunP §(q,a).
Then as

P= S(qo, w) we have Uyginp S(q,a): 3(qo, wa).

Thus & (o, wa ) = O (qo, Wa ).
For completeness we show that &' (qo, X ) contains a state

of F!if and only if 5 (9o , X) contains a state in F.
If x = ¢, this statement is immediate from the definition of
F'. That is & (qo, € ) = {Qo}, and qo is placed in F*

whenever & (9o, € ) which is - Closure(q), contains a
state possibly qo in F. If x # ¢ then x = wa for some

symbol a. If 5‘ (9o, X ) contains a state in F, then surely &'
(9o, X ) contains a state in F* . Conversely if &' (qo, X )

contains a state in F' other than qo, then O (Qo, X )
contains a state in F. If 8" (qo, X ) contains go and o is not

in F, then as & (do , X) = &- Closure(3(S (qo, W), ), the

state in e- Closure(qp) and in F must be in 5 (90, X).
Thus L accepted by an N D F A with ¢ - transitions is
accepted byan ND F A without & — transitions.

Definition: Let > be a finite set of symbols and let

languages L, L4, L, be sets of strings from X"

» The concatenation of L; and L, , denoted by L;L, is
the set {
$1S,/spisinLgand s isinL, }.

> The Kleene Closure of L, denoted by L*, is the set

L* = UIOOZO L|
> The Positive Closure of L, denoted by L*, is the set
L+ - Uioo: 0 LI

> L'=LL"? and L° ={¢}.
Definition : If r is a regular expression of the language L
then we write L = L(r). The regular expressions are said
to be equali.e., r=sif L(r) =L (s).

Definition: Let X be an alphabet, the regular expressions

over Y. are defined recursively as follows.

» wis aregular expression and denotes the empty set.

» ¢ isaregular expression and denotes the set { ¢ }.

» TForeach ‘a’in X, “a’is aregular expression and
denotes the set {a}.

» If 1y and I, are regular expressions corresponding to the
languages L, and L, respectively. Then (I, + 1), (141,
), l;"and 1, are regular expressions that corresponding
to the sets Ly U Ly, LiL,, L;" and L," respectively.

Definition : If r is a regular expression denoting the
language L then we write L = L(r). We say that regular
expression r and s are equal, and write r =s if L(r) = L (s).

Result: For regular expressions r , s, t corresponding to
the languages L (r), L (s), L (t) respectively. It is easy
to verify the following.

o r+Ss=s+r

o (r+s)+t=r+(s+t)

o (rs)t=r(st)
o r(s+t)=rs+rt
o (r+s)t=rt+st
. (I)*:g

° (r*)*:r*

o (e+r)"=r"

(r's') = (r+s)

Theorem: Let r be a regular expression of a language L.
Then there exists an N D F A with ¢ - transitions that
accepts L (r).

Proof: We shall prove this theorem by induction on the
number of operators in the regular expression ‘ r ’of L,
that there is an N D F A with ¢ - transitions, having one
final state and no transitions out of this final state, such
that L(M) = L(r).

Suppose the expression r has zero operators.

Since r has zero operators, the expression r must be g, ¢,
orafor ‘a’in 2. The NDF A ‘s in the following figures
clearly satisfy the conditions.

l.r=¢
START —
2.r=¢
START—> () J
3.r=a
START — [E} — '{/';;?}'
NS/

Assume that the theorem is true for regular expressions r
with fewer than n operators, n > 1. Let r have n operators.
There are three cases depending on the form of r.
Case 1 : Letr =r; + r, where ry and r, are regular
expressions less than n operators. Thus thereare ND F A
‘S Ml = ( Qll le 85 ql I} {fl} ) and
M2 = ( QZ! 221 67 q2 ’ {fZ} ) Wlth
L(Mi)=L(ry)andL(M;)=L(rz).
Since we may rename states of a N D F A at will we may
assume Q; and Q, are disjoint. Let g o be a new initial
state and f, a new final state.
We construct
M = ( Qlu QZU{qO ] f0}1 ZIUZZ 56 ] qO ] {fO} )i
Where 6 is defined by

1.56(90,e)={01,92}. _

2.0(q,a)=6:(q,a)forqinQ,;—{f,}

andainX v {e}
3.0(q,a)=06,(q,a)forqinQ,—{f,}
and ainX,u {e}
4.5(f,e)=06.(f,e)={f}
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We recall by the inductive hypothesis that there are no
transitions out of f, or f, in My or M, Thus all the moves
of M; and M, are present in M.

The construction of M is depicted in the following figure.

Figure 2.3.6
Thus any path in the transition diagram of M from q, to f,
must begin by going to either q; or g, or €. If the path
goes to q, it may follow any path in M, to f; and then go
to f, on €. Similarly paths that begin by going to g, may
follow any path in M, to f, and then goto  f, on €. These
are the only paths from g, to f, . It follows immediately
that there is a path labeled ‘s’ in M fromq,tof;ora
pathin M, fromqg,tof,.
Hence L(M)=L(M.;)uL(M,)as desired.
Case2:r=rn
Let M, and M, be as in case 1 and construct
M=(Q1v Qz, 21U22,8, d1, {f2}), where
1.6(gq,a)=6,(q,a)forqinQ,—-{f;}andain 2 u
{e}
2.8(f1,e)={a}
3.6(q,a)=6,(q,a)forginQ,andain 2 ,u {&}
The construction of M is given in the following figure.

Figure 2.3.6
Every path in M from g, to f, is a path labeled by some
string ¢ s * from q; to f;, followed by the edge from f; to
g, labeled ¢,followed by a path labeled by some string
fromgytof, ThusL (M) ={xy/xisinL (M;)andyis
inL(My)}andL(M)=L(M;)L (M;)as desired.
Case3:r=r,"
Let My = (Qiu{qo,fo} 21,6, 0o, {fo} ),Where 5 is
given by
1. 8(q.e)=06(f,e)={a:.fo}
2. 8(q,a)=06y(qg,a)forqinQ;—{f}andainX2;u{
€}

The construction of M is depicted in the following figure.

o) o . < M |
TAET - - (¥ } (sl) a1

Figure 2.3.6
So any path from ¢ to f, consists either of a path from qq
to f, on € or a path from g, to g; on ¢, followed by some
number (possibly zero) of paths from g, to f; , then back
to q; on g, each labeled by a string in L ( M ) , followed
by a path from q; to f; on a string in L ( My ), then to f, on

¢ . Thus there is a path in M from q, to f, labeled x if and
only if we can write S =51Sp........ sj for
some j > 0 (‘the case j = 0 means s = ¢ ) such that each s;
isinL (My)

Hence L (M) =L (M,)" as desired.

Theorem: If L is accepted by a DFA then L is denoted by
a regular expression.
Proof: Let L be the language accepted by the DFA M =
(Ql Z! 81 QO ) F) Where Q = {ql ’ q2!q3
,... Qn }- Let Rkij denote the set of all strings x such that
8(gi,x)=gq; and if 8(di,y)=q, foranyy that
is a prefix of x other than x or ¢, then 1 <k . That is Rkij is
the set of all strings that take the finite automaton from
state g; to state g; with out going through any state
numbered higher than k . Since there is no state numbered
greater than n ,Rki,- denotes all strings that take ¢; to g; .
We can define R"ij recursively,
RS = R*%ik (R )*R* g0 R* Y
R%={a/((ai.a)=q} ifi#]

={a/ (g, a)=q}ruw{e} ifi=]
We show that for each i, j , k there exists a regular
expression r"i,- denoting the language Rkij. We proceed by
induction on k.
Basis: k = 0. Roij is a finite set of strings each of which
either ¢ or a single symbol. Thus roij can be written
asa;tatag+...ta,or(ag+a,+ag+...+a,+ ¢) ifi=
j , where {a,,a,a;s,... ap} isthe
set of all symbols asuchthat & (0i,a)=gq; .
If there are no such a’s then @ (¢ or inthe case i = j )
serves as 1%
Induction: The recursive formula for Rkij given clearly
involves only the regular expression operators: union,
concatenation and closure. By the induction hypothesis
for each | and m there exists a regular expression i
such that L(r*") = R*%,. Thus for r*; we may select the
regular expression
i = O e )< (Mg )+ (™Y), which completes the
induction.
Now we observe that L (M) = Uq in ¢ R"; since R";
denotes the labels of all paths from g, to g;. Thus L (M) is
denoted by the regular expression.

rnljl + rnljz + rn1j3 o + I'nljp. where F = { dj1 + dj2 + dj3
+o + Qujp -
Thus L accepted by a DFA is denoted by a regular
expression.
NDFA_
DFA

NDFA with e-moves

Regular Expression

Figure 2.3.7
Thus the languages accepted by finite automata are
precisely the languages denoted by regular expressions
are precisely the languages denoted by regular
expressions. This equivalence was the motivation for
calling finite automaton languages regular languages.
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Pumping Lemma is a powerful tool for proving that
certain languages are non regular.

Lemma:[Lemma 3.1 of [1]] Let L be a regular language.
Then there is a constant n such that if z is any word in L
andl z | > n, we write z=uvw in such a way that Juvi <n
,1v1>1,and for all i > 0, uv'w is in L. Furthermore, n is
no greater than the number of states of the smallest FA
accepting L.

Example: The language L = { & / j isan integer, j > 1},
which consists of all strings of a ’s whose length is a
perfect square, is not regular.

Solution: Assume L is a regular language and let m be the
integer in the pumping lemma,

let z=2a" . By the pumping lemma, a™ may be written
as uvw, where 1 <Ivi<m

and uv'w is in L for all j. In particular, let j = 2.

However, m*< | uv®w | <m®+ m < (m+1)2

That is, the length of uv®w lies properly between m? and
(m+1)? and is thus not a perfect square.

Thus uv®w is not in L, a contradiction .

We conclude that L is not regular.

Theorem: The regular languages are closed under union,
concatenation and kleene closure.
Proof: Claim 1 : Union of Regular languages is regular.
LetleeL(Ml)fOI’DFAMlz(Ql,Zl,S, qll{fl})
and
LetLybe L (M;) for DFAM;=(Qz X2 8, qz, {f2}).
If r, and r, are regular expressions denoting regular
languages L, and L, thenr; + r, denotes Lyu L, =L (M)
for DFA
M= (Q1u Q2 {qo, fo}, 212 2,8, do, {fo} ), where &
is
1. 6(q0,¢)={d1,92}
2.8(q,a)=8:(q,a)forqinQ,—{f;}andainX
1 {e}
3.8(g,a)=38,(g,a)forqginQ,—{f,}andain
2o {e}
4. 5(f,e)=08:1(f,e)={f}
So Lu L, is also regular. Thus Union of Regular
languages is regular.
Hence regular languages are closed under union.
Claim 2 : Concatenation of Regular languages is regular.
Let Ly be L (M) for DFAM; = (Qu, X4, 8, 01, {fi})
and
Let L2 be L ( M2 ) for DFA Mz = ( Qz, 22, 8, 0z, {fz} )
If r, and r, are regular expressions denoting regular
languages L, and L, then ryr, denotes  L;L, =L (M) for
DFA
M=(Qu Q,, 21U, .8, a1, {f.}), where & is
1. 8(q,a)=61(q,a)forqinQ,—-{f,}

andain 2 U {&}
2. 8(f,e)={0q}
3.6(q,a)=8,(qg,a)forginQ,andain > ,u {&}
So L,L, is also regular. Thus Concatenation of Regular
languages is regular.
Hence regular languages are closed under Concatenation.

Claim 3 : Kleene Closure of Regular languages is regular.

Let lee L(Ml)for DFAMlz(Ql, Zl: 0, Q1,{f1})

If ry is a regular expression denoting regular language L

then r,"denotes L, =L =L (M) for DFA

M=(Qiu{do,fo} 21,8, {fo})

Where § is given by

1. 8(do,e)=0(f,e)={a:.fo}

2. 5(q,a)=0i(q,a)forqinQ,-{f}
andain2;u{e}

So L = L, is also regular. Thus Kleene Closure of

Regular languages is regular.

Hence regular languages are closed under Kleene Closure.

Theorem: The class of regular languages is closed under
complementation that is if L is a regular language and L
c Y thenX"—Lisa regular language.

Proof: LetLbe L (M) for DFA M=(Q, 21, 8,0,F)
and let L — X* To prove the class of regular languages is
closed under complementation, we construct a DFA
Ml:(lel 8!qO’(Q_F)'

First we may assume >, = 2., for if there are symbols in
21 hot in X, we may delete all transitions of M on
symbols not in Y. The fact that L < X" assures us that we
shall not there by change the language of M.

If there are symbols in X not in X, then none of these
symbols appear in words of L. We may therefore
introduce a ““ dead state ” *d > into M with &6 (d,a)=d
forallainXand 6 (q,a)=dforall gin Qand a in
Y. - >1. Now to accept * — L, we complement the final
state of M thatis M'=(Q, >, 8, qo, Q - F) then M*
accepts a word w if and only if 8 (qgo,w) isinQ—F
that is wis in X* - L. Thus if L is a regular language and
L < X" then X" — L is a regular language that is the class
of regular languages is closed under complementation.

Theorem: The class of regular languages are closed
under intersection.

Proof: LetL; be L (M,) for DFAM; = (Qq, 2., 8, g1 ,F1)
and

Let Lz be L (M 2) for DFA M2 = (Qz, z, 6, 0z, Fz)
Consider Ly L,

L_lﬁ T2 = Ll

where the over bar denotes the complementation with
respect to an alphabet including the alphabets L; and L, .
Thus Closure under intersection follows from closure
under union and complementation.

Definition Let L be the class of regular languages. Define
arelation“<”onk by L;<L,if L;cL,.

Proposition: If L. be the class of regular languages then
(L, <) is a partially ordered language.

Proof: Forany L, € L., we have by the definition of “is
contained in ”

Lcbhy=L <L,
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Thus ‘ < ’ is reflexive.

Suppose Ly <L,and L,<L;

=>LclL and L,cL,

Now by the definition of equality in languages
Since LycL,and L, c Ly implyL; =L,

Thus ‘ < ’ is antisymmetric.

Suppose Ly <L,and L,<Lz;= L;cL,and L,c Ls
Now L;clL,cl;=LicL;

f— Ll < L3

Thus “ <’ is transitive.

Therefore (L, <) is a partially ordered language.

Theorem: Let L be the class of regular languages. Then
the poset L is a lattice in which L;v L, = Lyu L, and LA
Lz = lel_z .

Proof: Now we show that L is a lattice .
Claiml:Lub {L,L}=LvL=Lul,
LetL=LuUL,

By definition of union on languages
LicLandL,cL

= L1<LandL,<L

Suppose there exists L« such that L; <Lsand L, <L«
= ng L« and ng L«

= L]_U L«=L«and LZU Ls= L«

Consider L«= LU L«

= L]_U ( L2U L*)

= (L]_U L2 ) U L«

=L,ulLclL-

=L c L«

=L <L«

ThuslLub. {L,,LL}=LvL=LulL=L
Claim2:g.L.b.{L,L}=LianLr,=LinL,
LetL=LinL,

By definition of intersection on languages
LclL;andLcL,

= L<L;andL<L,

Suppose there exists L« such that L« <L, and L <L,
= L*g Ll and L*g L2

= L=LnL and L« = L.u L,

Consider L= L+n L,

=(Ls-nL)NL,

=L.n(LinLy)

SLclinl,

= LclL=L<L

ThUSg. I.b.{Ll,LZ}: Ll/\ L2: Llﬁ LZ:L
Hence L is a lattice in which Lyv L, = Lyu Lyand Ly A Ly
= Ll (_\Lz .

Note: For L, the class of regular languages over a fixed
¥, 0 € Listhe minimal elementof Las @ <Lie. dcL
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